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Abstract-The stress intensity factor distribution along a half circular crack in a half infinite space
due to a point force acting normal to the crack faces, is derived by means of the alternating method.
Special attention is given to the solution near the free surface. Asymptotic expressions are derived
for the zero and first iteration of the stresses, displacements and the stress intensity factor. It is
proven that after one iteration the stress intensity factor distribution tends to zero very near to the
free surface, leaving an extremely small pressure zone at the free surface. The results are compared
with other recent theoretical research and experimental evidence. Finally, for a matrix of about 60
representative point load positions the K-distribution after one iteration is given explicitly using B­
splines.

I. INTRODUCTION

At a straight boundary, cracks frequently take a near half circular shape. This is particularly
true for cracks in the bore region of aircraft engine disks. Being able to calculate the precise
stress intensity factor distribution (K) along such a crack and to predict its propagation is
of vital importance to engine health monitoring systems. Whereas the K distribution in the
depth of a half circular crack is relatively well known, for instance by using numerical
techniques such as the Finite Element Method, there is no straightforward solution at the
free surface.

In a first approximation the crack under consideration can be modelled by a half
circular crack in a half infinite space. The material is assumed to be homogeneous and
linear elastic. One of the first treatments of this problem was given by Smith et at. (1967a,
b). Using the alternating technique the K-distribution under a constant load was found to
increase towards some constant value at the free surface. However, a more thorough
analysis by Hartranft and Sih (1973) suggested that the K-distribution, though at first
increasing from the deepest point of the crack front towards the free surface, decreases
quite sharply at the free surface. They also applied the alternating method, using the findings
of Muki (1960) for the full circular crack solution in infinite space. The main difference
with the previous approach of the problem was the separate numerical treatment of the
stress singularities occurring at the crack front. The conjecture was made that the K-factor
distribution might even tend to zero at the free surface.

Using the alternating method, analytical progress in solving the half circular problem
depends heavily on the availability of a simple solution (stresses, displacements and K­
distribution) for the full circular problem. A couple of years ago a marvellously simple
solution for the Green functions for a full circular crack was developed (Fabrikant, 1988).
The solution is explicit, containing no series expansions and involving no functions more
complicated than a square root or exponential. This solution is used in the present article
to analyse the Green function for a half circular crack by the alternating method.

Though the calculations were done numerically, every effort was spent to use analytical
asymptotic expansions near the intersection of the crack front with the free surface. Indeed,
the simplicity of the full crack solution made it possible to derive analytical expressions for
the leading behaviour of the zero and first iteration values of stresses, displacements and
K-distribution. The first iteration reveals that the K-factor indeed tends to zero in a
logarithmic way very near the free surface, leaving an extremely small pressure zone at the
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free surface (10- 16 [L] for a crack of I [L], where [L] represents the dimension of length).
The derivation of the analytical expressions for the subsequent iterations would require the
solution of the non-linear contact problem created by this crack closure. This formidable
task was not attempted. However, it is proven that the effect of this small pressure zone on
the solution in subsequent iterations will be locally limited.

A zero for the K-distribution at or near the free surface agrees with previous analytical
findings. Recently, it was shown by the finite element technique (Becker, 1989) that the
usual crack front stress singularity of ,.-05 decreases at a free surface to about ,.-04.

Moreover, experimental evidence systematically reveals a retreating of the crack front very
near the free surface. Although this has frequently been attributed to plasticity effects at
the free surface, the present study suggests that a basic linear elastic surface phenomenon
might also be involved.

All theoretical derivations in the present article have been collected in Appendices in
order not to cloud the main line of thought.

2. ALTERNATING METHOD

In order to find the stress intensity factor along a half circular crack in a half infinite
space the so-called alternating method will be applied (Hartranft and Sih, 1973; Kan­
torovich and Krylov, 1964). The basic idea of this method is to find a solution to the
governing equations ofthe problem at hand satisfying only part of the boundary conditions.
This should be an easier task than the original one. Next, another solution to the governing
equations is superimposed making sure that the boundary conditions which were not yet
satisfied are fulfilled. However, this latter solution usually destroys the fulfilment of the
boundary conditions which were satisfied by the first solution. So, the first solution must
be applied again. This procedure is repeated until a convergent solution is obtained. For
the solution of the half circular crack problem in a half infinite space the solution of the
full circular crack in infinite space will be taken as starting solution.

Suppose (Fig. I) that the K-factor distribution along a half circular crack in a half
infinite space due to a point force acting on the crack faces is asked for. In the zero iteration
the solution K ((Mo for two symmetric point forces on a circular crack in infinite space is
taken. However, this will result in a normal stress (0) 1 on the xz-plane.

Since this plane should be stress free, the first iteration starts with solving the problem
of a half infinite space without crack whose boundary plane is loaded with - (cry)" This
leads to a normal stress (crch on the crack surfaces. Since these should be stress free apart
from the point load, the second part of the first iteration again involves the problem of a
circular crack in infinite space, loaded with - (crJ2 for Y ;?: 0 and its symmetric equivalent
for y < 0, leading to a K(¢)] stress intensity factor distribution and a (cry )3 normal stress
on the xz-plane. At this point the second iteration starts. This process is continued until
after iteration i (crJ 21+ I is deemed small enough. Then K (¢) takes the value:

1

K(¢) = I K(¢)i'
I ~ 0

Summarizing the solution of two problems is needed for the present application:

(1)

1. The K-solution, stresses and (as will be shown later) displacements in infinite space due
to a circular crack loaded by normal forces. The corresponding Green function was
derived for transversely isotropic elastic materials in a particularly simple form by
Fabrikant (1988). In Appendix A the formulae for isotropic elastic materials are derived
by a limiting process.

2. The stresses in a half infinite space due to normal loading forces on the bounding surface.
The corresponding Green function can be found in the literature [e.g. Timoshenko and
Goodier (1970) for the solution in polar coordinates]. In Appendix C the formulae are
derived as a special case of the circular crack problem solution given by Fabrikant.
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Fig. I. Point force in the interior of a half space.

Due to the occurrence of singularities at the crack front the problem is more complicated
than it looks. Following Hartranft and Sih (1973), the singularities were extracted and
analysed separately. In this respect the relatively uncomplicated solution to the circular
crack problem given by Fabrikant was of great help.

3. POINT FORCE IN THE INTERIOR OF THE HALF SPACE

Suppose a unit point force acts at the point Qo(O, 1/2,0) [L]. The free surface cor­
responds to y = 0 (Fig. 1) and the radius of the crack a = I [L]. The units of force are
denoted by [F], the units of length by [L]. Poisson's coefficient v = 0.3 and Young's modulus
E = 210,000 [F]/[L]2 is assumed throughout.

Zero iteration
The K-value along the crack front due to two symmetric point forces at Qo and Q;) can

be determined using the Green function given by Gao and Rice (1987). It is worthwhile
pointing out that the solution given by Fabrikant (1988) is (2n)I!2 smaller due to a different
K definition. Here the former (and usual) definition will be taken. It leads to

P ~(I I)K (A.) = ----~ / a" - f3- -, +--"PO ,--v ') ')
n.Jna ri r'i

(2)

where

(3)

cP denotes the location along the circular crack at which the K-factor is calculated, P is the
point force, a is the radius of the crack and the location of Qo is given by (Po, cPo) in polar
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coordinates (cf. Figs 1 and Bl). The K-distribution is shown in Fig. 2. The normal stresses
on the xz-plane were calculated with the formulae of Appendix A and are given in Fig. 3.
Expressions for the stress component (lJ,)) and displacement (w)) in the vicinity of the crack
front are derived in Appendix B. The (lJ v) I stress singularity at the crack front due to the
two point forces has the form [eqn (B48)] :

1 a
(lJ,L ~2K(a,P; Po, cPo; v) ~r=COS2' 8 ---> 0,

y8

where

and

Note that the stress singularity disappears for v = O. Since (cf. Figs 1 and Bl):

Po = 0.5 [L], R 2 = 1.25[L]2,

K takes the value

K = 0.0298 [F]![Lp 2.

(4)

(5)

(6)

(7)

(8)

Here and throughout the article the following definitions are used (Bender and Orszag,
1978):

and

f(x) ~ 9 (x), x ---> Xo <0;> lim f(x)jg (x) = 1
r-\"o

f(x) = olq(x)], x ---> X o <0;> lim f(x)jg(x) = 0
'"-Xo

f(x) = O[g(x)], x ---> X o<0;> lim If(x)!g (x) I < M,
\-.--+ Yo

(9)

(10)

(11 )

for some constant M if x is sufficiently close to xo.
The stress (1J,.)) at the singularity is clearly positive (tension). The crack opening near

(1,0,0) [L] amounts to [cf. Fig. B2 for the meaning of Xand 8, and eqn (B65)]

or

(IV)]·~ 1.7208.1O-6~fi, 8--->0,

(12)

(13)

since [cf. eqn (A33)]
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Fig. 4. Crack opening at the free surf~tce in the zero iteration.

H = 1.379 X 10 6 [LF ![F].

The crack opening at the free boundary is shown in Fig. 4.

(14)

First iteration
Application of the inverse stress - (aJI on the boundary of the half space y ~ 0 (Fig.

I) leads to the stresses (aJ1 in Fig. 5. in the xy-plane, where

(15)

Use was made of the formulae in Appendix C and the IMSL integration routines (IMSL,
1989 ; Piessens ('[ al., 1983). The stress (erJ1 was calculated at approximately 1500 selected
points. For values in between a Delaunay triangulation (Sloan and Houlsby, 1983) was
performed followed by linear interpolation.

The stress (erel2 in the vicinity of (1,0,0) [L] converges towards the values predicted in
Appendix 0 [compare Fig. 6 with[(8d in Fig. 02, cf. Fig. 7 for the meaning of 8, and 1']:

K
(erJ1 ~ 2 -:-!(Ol), I' ---> O.

ylr
(16)

It is important to notice that the application of the pressure singularity on the xz-plane at
(1,0,0) [L] leads to compressive stresses in the xy-plane.

Now the stress ~ ((jel2 was applied to the crack faces. The stress (ayh displacement
(W)3 and stress intensity factor K(4J)1 were calculated using the formulae in Appendix A.
The leading behaviour of each of these quantities is calculated in Appendix E.

The stress intensity factor K (¢) I is shown in Fig. 8. The presence of the free surface
increases the K-factor everywhere except at the free surface. The increase at the deepest
point is nearly 5%. The correction is zero at about 0.03 from the free surface. Figure 9
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Fig. 5. Normal stress on the crack faces in the first iteration.
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Fig. 8. Stress intensity factor distribution in the first iteration.

shows the first iteration values close to the free surface. The leading behaviour takes the
form (cf. Appendix E):

(17)

where F(v) = 0.1788+0,3856 v. This is confirmed by the numerical data in Fig. 9, since
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subtraction of the leading behaviour in eqn (17) from K (¢) 1 yields a constant. The sum of
the zero and first iterations is depicted in Fig. 10.

The stress (crv)3 (Fig. 11) has decreased in magnitude compared to (ery) , except in a
small layer at the free surface. The value at z = 0 is actually extrapolated from z = 0.00 I.
The leading behaviour near (1,0,0) [L] has the form (8 and f) are explained in Fig. £1)
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(18)

The first correction for the crack opening (w)] is generally positive (Fig. 12). Figure 13
shows the new total crack opening. However, the leading behaviour near (1,0,0) [L] :

8 .~. r: r:.
(wL = 2--H(v,E)K(a,P;po.rPo;v).,jcosXF(v)yldn(e)+O(yle),

7[
(19)

(20)

(see Fig. B2 for the meaning of X) which can be complemented by means of the numerical
data in Fig. 14 to

(w)] ~ 0.6167x 10 7 01n(e)~+0.5207X 1O- 6 g(X)0, e-,>O, (21)

where 0 ::::; g(x) ::::; I (Fig. 15), shows that (wh will be negative for very small e values.
Solving (w) 1+ (wh = 0 [cf. eqns (13) and (21)] yields an estimate of the pressure zone:

'. _ l-I.7208X10 6Jc<?SX-0.5207XIO-69(X)]
Lprcs (X) - exp ,-----'

0.6167 X 10 7 .,jCoSX
(22)

The values of epres are of the order of magnitude of 10- 16 [L] (Fig. 16). Due to this crack
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closure the problem is actually non-linear. The stress (O"J; inside the pressure zone which
is needed to close the crack will be smaller than (O"zh:

whereas

(23)
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(24)

Furthermore, (w); due to (CTJ; must satisfy

(25)

(26)
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Here this non-linear problem will not be solved. However, in Appendix E it is proven that
for e > epre.(X) the leading behaviour in eqns (18) and (19) is not influenced. Since epres is
very small the pressure zone does not appear in the numerical calculations.

It is very interesting to notice that the boundary of the pressure zone coincides with
K((/J)o+K((/J)[ = O. Indeed, K((/J)o satisfies [cf. eqn (B75)]:

~K((/J)o ~K(a, P; Po, ¢o; v) -- ~ 0.2490, ¢ -+ 0
v

and taking eqn (17) for K (¢)1 together with the numerical data of Fig. 9:

(27)

K(¢)[ ~ 4)2 K(a,P;po,¢o;v)F(v)ln¢+Co(a,P;po,¢o;v), ¢-+O
n..../-;;

~ 0.0089247 In ¢ + 0.066, ¢ -+ 0, (28)

one obtains K(¢)o+K(¢)1 = 0 for ¢ = 4.7 X 10- 16
. This agrees with the value of epres for

X = 90° in Fig. 16.
Dropping the second term in eqn (21) or eqn (28) one finds in both cases the following

analytical expression for a first rough estimate of epres :

(29)

which yields epres = 7.6 X 10- 13 [L], independent of the location of P (Po and ¢o)! Since it is
generally quite tedious to find the second terms in eqns (21) or (28), eqn (29) is useful as a
first approximation. It shows that epres is indeed very small independent of the location of
P, provided that a¢ « R [cf. the domain of validity of eqn (B75)]. Taking the second term
of eqn (21) or (28) into account decreases epres even further.
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Second iteration
Application of the inverse stress - (eT,.h on the boundary of the half space y ): 0 leads

to the stresses (eTJ4 in Fig. 17 in the -,y-plane. Comparing these stresses with (eTch in Fig. 5,
there is an overall decrease in magnitude of the stress values except for the small peak near
y = O. In Appendix F it is shown that for I;prcs lk « e « I, k > I, where F. is the distance from
(1,0,0) [L] in the -,y-plane, the leading behaviour of (eTJ4 satisfies

(30)

Application of the inverse stresses leads to the K-distribution K (r/J)2 in Fig. 18. Adding this
second correction to the previous ones, Fig. 19 is obtained. The K-distribution seems to
converge smoothly. Regarding K(r/J)I+K(r/Jh (Fig. 20), it is observed that the second
correction moves the maximum of the first correction towards the free surface.

4. DISCUSSION OF THE K-DISTRIBUTION I'\EAR THE FREE SURFACE

The results of the previous section show that, due to the presence of the free surface,
the K-values have generally increased. This increase is smallest at the deepest point of the
crack (about 5% in the example) and increases towards the free surface. However, at the
free surface the stress intensity factor decreases sharply towards zero. The negative values
obtained in the first iteration point to the existence of a small pressure zone at the inter­
section of the crack with the free surface. A first estimate reveals that the size of this zone
is extremely small (10 -16 [L]). This result must be viewed in the context of a linear elastic
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homogeneous and isotropic material and is as such acceptable. No assumption was made
about an atomic structure.

The decreasing K-values at the free surface are in agreement with observations that
the propagation of half circular surface cracks frequently slows down at the free surface.
Furthermore, recent numerical work suggests a decrease of the stress singularity at the free
surface from the generic r- O

) to about ri
, ;. > -0.5 (Becker, 1989). This leads to a zero

stress intensity factor at the free surface.

SAS 32:13-8
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Whereas most recent numerical work points towards a zero stress intensity factor at
the free surface, the way in which the K-factor tends to this zero value is equivocal. Benthem,
who did a substantial amount of work on the subject, assumed a r':l(8, cp) stress solution
where r, 8 and cp are spherical coordinates with the origin located at the intersection of the
crack with the free surface. Using an eigenfunction expansion technique, he obtained for
v = 0.3 an r- 0

.45 stress singularity and consequently an r005 behaviour for the stress intensity
factor (Benthem, 1977). Similar results were obtained using finite differences (Benthem,
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1980). Becker, on the other hand, using the same assumption but a different numerical
technique (the finite element method) obtained an r- 040 stress singularity (Becker, 1989).

Due to the occurrence of the pressure zone and the resulting non-linear problem, the
present theory cannot give an ultimate answer to this question. However, it is very inter­
esting to analyse the asymptotic behaviour of the present K-solution near the free surface
using an r)' assumption for the stress and consequently an r),+05 solution for K. Equating
Cr;+05, or equivalently Cq/+os (a = 1 [L]), where C is a constant, to K((P)o+K(</»! [eqns
(27) and (28)] yields for the point load position investigated in the previous section:

or

(0.0089 In (</»+0.3148) .
_ = Cq/

J</>

. _ d [ (0.0089 In </>+0.3148)J
A - d (log ¢) log r;;, .

~'V

(31)

(32)

This function is represented in Fig. 21, together with the A-value obtained by Benthem. The
curves clearly do not coincide. However, they intersect and are generally of the same order
of magnitude. Furthermore, notice that the A-value arrived at by the present method needs
about eight orders of magnitude to change from -0.47 to -0.43, i.e. the function is
virtually constant over a large range. This also implies that, if there really is a logarithmic
singularity involved, it would be very difficult to detect this either by finite differences or
experimental techniques [e.g. Smith (1988)), since ¢-values as small as ¢ = 10- 9 yield ,.1,­

values which are altogether not that different from the I.-value for say ¢ = 10- 3
.

Finally, it is worthwhile pointing out that due to the disappearance of the (Tv stress
singularity at the crack front for v = 0, the logarithmic term in K(</»j, and consequently
the boundary layer near the free boundary, vanishes for this value of v. This is in agreement
with the findings of Benthem.

5. GREEN FUNCTIONS FOR A REPRESENTATIVE SET OF POINT LOAD POSITIONS

Section 3 of this article treated one specific position of the point load. It would clearly
be very useful to have the complete K-distribution for a series of representative positions
of the point load. This would allow for the calculation of the K-distribution due to arbitrary
loading on the crack faces. To this end, a matrix of about 60 representative point load
positions has been composed and the corresponding zero and first iteration K-distributions
K (¢)o and K (¢) I were calculated. Due to the symmetry of the problem only point load
positions within a quarter circular crack in the positive x~y quadrant have been considered.
The matrix consisted of a relatively uniform distribution over the complete quarter circle
(Fig. 22), completed by a detailed analysis of the region near the free boundary (Fig. 23)
with a couple of additional points in the area close to the intersection of the crack front
with the free boundary (Fig. 24).

Again, a = I [L] and P = I [F) were assumed. This is not really a restriction since the
units of length and force can be chosen arbitrarily. However, the formulae in Section 3
have illustrated that the results are a function of Poisson's coefficient, v. Here v = 0.3 was
taken, and consequently the numerical results only apply to this (in practice frequently
used) v-value.

For simplicity the point load positions were identified with a code consisting of two
characters. For the point loads in Fig. 22 the characters actually reduce to two integer
numbers 0 ~ i,j ~ 9 forming a two digit number if and uniquely defining Po and ¢o by
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Fig. 22. Matrix of evenly distributed point load positions.
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Fig. 23. Point load positions near the free surface.

Po=O.li[L]

n
1>0 = 20(10-)).

(33)

(34)

The code for the other point load positions is illustrated in Figs 23 and 24. The code for all
point loads together with the numerical values for Po and 1>0 is given in Table 1. For the
zero iteration of the K-distribution, K (1))0' an analytical expression exists [eqns (2) and
(3)].

For the first iteration distribution K (1)), no analytical expression exists, but the asymp­
totic behaviour near the free boundary (1) = 0, n) is known [eqn (28)]. For 1> -+ 0 one can
write
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Fig. 24. Point load positions near the intersection of the crack front with the free surface.

and for 4> -4 n

Both asymptotic behaviours can be amalgamated in the form:

K(4)), ~ (~)7/2 vF(v)~ In (sin (4)))+ [Co + C- C04>J,
n (a 2 +P6 -2apocos 4>ocos 4» ~ n

4> -4 0, n; 0 < 4> < n. (39)

For all point load positions K(4))l was calculated numerically (following the approach of
Section 3) and in all cases the solution satisfied relation (39). For the sake of brevity the
function on the right of relation (39) (the complete expression after the ~ symbol) will be
called Ka(4)),. The calculated values of Co and Cn are given in Table I. In Fig. 25 iso-lines
of constant Co are drawn in steps of 0.1 [F] [L]-3/2. This shows that Co strongly increases
towards the intersection of the crack front and the free surface at 4> = 0, and probably
exhibits a singularity there.

In order to make the numerical values of K(4))l generally available, the asymptotic
behaviour Ka(4)), has been subtracted and the resulting function was modelled by means
of B-splines. To this end, the IMSL subroutine DBSVLS was used (computes the variable
knot B-spline least squares approximation to given data). The resulting B-splines are
characterized by two integers KORDER and NCOEF, a real vector BSCOEF of length



1826 G. Dhondt

Table 1. Point load positions and values for Co and Cn

cPo( -) Po Co Cn

([LJ) ([F]j[L] -3')

10 1.57080 0.10000 0.16836 0.16836
13 1.09956 0.10000 0.18540 0.15761
15 0.78540 0.10000 0.19860 0.15360
19 0.15708 0.10000 0.16986 0.11867
20 1.57080 0.20000 0.14131 0.14130
25 0.78540 0.20000 0.20210 0.12450
30 1.57080 0.30000 0.11320 0.11321
32 1.25664 0.30000 0.13334 0.10281
33 1.09956 0.30000 0.14866 0.10018
35 0.78540 0.30000 0.19330 0.09889
37 0.47124 0.30000 0.25884 0.10189
39 0.15708 0.30000 0.33028 0.10669
40 1.57080 0.40000 0.08757 0.08757
45 0.78540 0.40000 0.17350 0.07791
49 0.15708 0.40000 0.40835 0.08915
50 1.57080 0.50000 0.06552 0.06553
51 1.41372 0.50000 0.07114 0.06200
52 1.25664 0.50000 0.07976 0.06005
53 1.09956 0.50000 0.09284 0.05930
54 0.94248 0.50000 0.11284 0.05956
55 0.78540 0.50000 0.14370 0.06075
56 0.62832 0.50000 0.19195 0.06281
57 0.47124 0.50000 0.26628 0.06569
58 0.31416 0.50000 0.37421 0.06935
59 0.15708 0.50000 0.50901 0.07355
60 1.57080 0.60000 0.04733 0.04732
65 0.78540 0.60000 0.10720 0.04675
69 0.15708 0.60000 0.62983 0.05893
70 1.57080 0.70000 0.03266 0.03266
71 1.41372 0.70000 0.03423 0.03197
72 1.25664 0.70000 0.03718 0.03193
73 1.09956 0.70000 0.04243 0.03247
74 0.94248 0.70000 0.05172 0.03350
75 0.78540 0.70000 0.06904 0.03502
76 0.62832 0.70000 0.10396 0.03707
77 0.47124 0.70000 0.18060 0.03966
78 0.31416 0.70000 0.36667 0.04290
79 0.15708 0.70000 0.79100 0.04650
80 1.57080 0.80000 0.02098 0.02098
85 0.78540 0.80000 0.03548 0.02493
89 0.15708 0.8000 0.90884 0.03478
90 1.57080 0.90000 0.01154 0.01154
91 1.41372 0.90000 0.01107 0.01208
92 1.25664 0.90000 0.01071 0.01276
93 1.09956 0.90000 0.01049 0.01350
94 0.94248 0.90000 0.01059 0.01439
95 0.78540 0.90000 0.01142 0.01546
96 0.62832 0.90000 0.01473 0.01673
97 0.47124 0.90000 0.02739 0.01828
98 0.31416 0.90000 0.09080 0.02015
99 0.15708 0.90000 0.63625 0.02239
Xl 1.57080 0.01000 0.07400 0.07402
E1 0.02000 0.50000 0.59329 0.07379
E3 0.00200 0.50000 0.50423 0.06306
G1 0.01429 0.70000 1.35498 0.05032
G2 0.00714 0.70000 1.34179 0.04978
G3 0.00143 0.70000 1.24861 0.04683
II 0.01111 0.90000 7.37859 0.02500
13 0.00111 0.90000 5.67178 0.02156
J5 0.00712 0.99295 88.67998 0.00555
K5 0.00071 0.99929 4736.64000 0.00406
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Fig. 25. Lines of constant Co.

Table 2. BSCOEF (NCOEF = 6)

co=O.O
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BSCOEF (I) BSCOEF (2) BSCOEF (3) BSCOEF (4) BSCOEF (5) BSCOEF (6)

J5
K5

1982.01
183366.89

-68.85
-11419.22

-88.09
-4738.60

-56.56
-3060.66

-26.59
-1453.75

2.82
150.60

Table 3. XKNOT and error values (NCOEF = 6)

XKNOT (4) XKNOT (5) XKNOT (6) XKNOT (7) Error (%)

J5
K5

-0.100
-0.100

0.051
0.047

0.118
0.048

3.242
3.242

0.121
0.029

NCOEF and a real vector XKNOT of length NCOEF + KORDER for which the following
relations apply:

XKNOT(i) = XKNOT(KORDER), i = 1,2, ... , KORDER-I (40)

XKNOT(i) = XKNOT(NCOEF + I), i = NCOEF +2, ... , NCOEF + KORDER. (41)

Tables 2-9 give the values of BSCOEF and XKNOT for all selected point force locations.
For all point loads KORDER = 4 was taken. NCOEF on the other hand took the value 6
(Tables 2 and 3), 8 (Tables 4 and 5), 9 (Tables 6 and 7) and 12 (Tables 8 and 9). Denoting
the function to be modelled by a(¢) :

and the B-spline approximation by f3(¢), the error was defined by

(42)

error == (43)

where i represents the data points at which K (¢L was calculated (about 100 points uni­
formly distributed in the interval 0 < ¢ < n. The error made by the B-spline approximation
was generally very small (predominantly < I%). The B-splines can be evaluated using the
IMSL subroutine DBSVAL.



Table 4. BSCOEF (NCOEF = 8)
DC
N

BSCOEF(l) BSCOEF(2) BSCOEF(3) BSCOEF(4) BSCOEF(5) BSCOEF(6) BSCOEF(7) BSCOEF(8) DC

10 -40.5475 0.0190 -0.0696 -0.1447 -0.1447 -0.0700 0.0178 -0.8752
13 -93562 0.0212 -0.0766 -0.1574 -0.1435 -- 0.0665 0.0163 -0.3718
19 -0.0663 0.0219 -0.0782 -0.1743 -0.1859 -0.1342 -0.0614 0.0244
25 -0.3082 0.0200 - 0.0821 -0.1485 -0.1189 -0.0565 0.0128 -0.3472
30 00139 -0.0200 -0.0523 -0.0710 -0.0706 - 0.0516 -0.0198 0.0139
35 -0.3787 0.0170 -00531 -0.1139 -0.1120 -0.0763 -0.0296 00169
37 -0.1209 0.0263 -0.0921 -0.1649 -0.1581 -0.1065 -0.0450 00190
39 -0.1396 0.0369 -0.0195 - 0.2196 -0.2461 -0.1521 -0.0688 0.0210
40 0.0087 -0.0059 -0.0226 -0.0432 -0.0505 - 0.0322 -0.0057 0.0087
45 -0.0568 0.0088 -0.0180 -0.0894 -0.0948 -0.0621 -0.0243 0.0135
49 -0.2215 0.0505 -0.0198 -0.2654 -0.2954 -0.1804 -0.0822 0.0207
51 0.0049 -0.0012 -0.0040 -0.0158 -- 0.0363 -0.0261 -0.0033 0.0069
52 0.0030 -0.0011 -0.0003 -0.0103 -0.0396 -0.0336 -0.0088 0.0068
54 -0.0072 0.0124 -0.0119 -0.0498 -0.0532 -0.0351 -0.0123 0.0094
55 -0.0110 0.0138 -0.0086 - 0.0669 -0.0729 -0.0464 -0.0157 0.0110
56 -0.0308 0.0078 0.0004 -0.0966 -0.1047 -0.0660 -0.0261 0.0124
57 -0.0948 0.0158 -0.0114 -0.1476 -0.1569 -0.0966 -0.0398 0.0148 Cl
58 -0.1757 0.0389 -0.0398 -0.2267 -0.2409 -0.1479 -0.0635 0.0181 IJ
59 -0.3009 0.0755 -0.0757 -0.3000 - 0.3679 -0.2514 -0.1144 0.0199 :r

0

60 0.0062 -0.0016 -0.0013 -0.0166 -0.0163 -0.0012 -0.0017 0.0061 ;::l

S-
65 -0.0324 0.0343 0.0155 -0.0409 -0.0514 -0.0348 -0.0143 0.0079
69 - 0.4822 0.1019 -0.0520 -0.4225 -0.4597 -0.2836 -0.1227 0.0238
70 0.0123 -0.0022 0.0038 -0.0072 -0.0069 0.0037 -0.0021 0.0075
72 0.0164 -0.0055 0.0137 0.0076 -0.0136 -0.0083 -0.0023 0.0045
77 -0.1610 0.0923 0.0624 -0.0713 -0.1033 -0.0731 -0.0351 0.0087
78 0.2874 0.0788 0.0606 -0.1946 -0.2419 -0.1605 -0.0706 0.0142
79 -0.7580 0.1259 -0.0200 -0.5292 -0.5936 -0.3776 -0.1592 0.0268
89 -1.2608 0.4872 -0.5188 -0.6738 -0.6541 -0.4223 -0.1777 0.0299
93 0.0476 -0.0086 0.0167 0.0174 -0.0007 -0.0017 -0.0018 0.0018
94 0.0390 -0.0139 0.0242 0.0271 0.0000 -0.0030 -0.0033 0.0015
95 0.3076 -0.0297 0.0384 0.0428 0.0038 -0.0044 -0.0058 0.0012
97 3.6371 -0.1609 0.0980 0.1292 0.0110 -0.0222 -0.0109 0.0008
Xl -0.7006 0.0202 -0.0725 -0.1838 -0.1827 -0.0725 0.0174 -0.0719
EI -0.3804 0.0984 -0.0594 -0.4428 -0.4655 -0.2770 -0.1281 0.0242
E3 -0.3752 0.0985 -0.0563 -0.4310 -0.4421 -0.2499 -0.1220 0.0218
G1 -1.0457 0.4408 -0.9182 -1.1266 -1.0446 -0.6469 -0.2859 0.0457
G2 -1.4970 0.4030 -0.0886 -1.0243 -1.1406 -0.7105 -0.3163 0.0436
G3 -2.9186 0.3386 0.0064 -0.9880 -1.0964 -0.6652 -0.3056 0.0417
II -68.2380 15.5035 -0.2951 -6.1477 -6.8432 -4.3993 -1.9668 0.2288
13 -129.4787 9.4629 -4.2331 -5.5838 -4.7772 -2.8671 -1.0832 0.1806



Table 5. XKNOT and error values (NCOEF = 8)

XKNOT(4) XKNOT(5) XKNOT(6) XKNOT(7) XKNOT(8) XKNOT(9) Error (%)

10 -0.100 0.004 0.965 2.178 3.124 3.242 0.309
13 -0.100 0.008 0.960 2.184 3.118 3.242 0.284
19 -0.100 0.066 0.763 1.514 2.150 3.242 1.023
25 -0.100 0.031 0.975 2.156 3.122 3.242 0.306
30 -0.100 0.616 1.267 1.902 2.530 3.242 0.957
35 -0.100 0.027 0.805 1.655 2.426 3.242 0.687
37 -0.100 0.059 0.812 1.448 2.235 3.242 0.489
39 -0.100 0.064 0.205 1.145 1.960 3.242 0.352
40 -0.100 0.370 0.857 1.733 2.777 3.242 0.733
45 -0.100 0.053 0.581 1.621 2.428 3.242 0.473
49 -0.100 0.060 0.184 1.005 1.775 3.242 0.289 051 -0.100 0.182 0.622 1.052 2.860 3.242 0.493 (1)

52 -0.100 0.171 0.479 0.786 2.623 3.242 0.568
(1)

::l

54 -0.100 0.487 0.813 1.791 2.592 3.242 0.646 2'
::l

55 -0.100 0.354 0.627 1.637 2.546 3.242 1.781 ()

56 -0.100 0.114 0.484 1.484 2.342 3.242 0.385
g.

57 -0.100 0.070 0.412 1.306 2.164 3.242 0.310 iil
58 -0.100 0.067 0.346 1.102 1.916 3.242 0.257 Q'
59 -0.100 0.064 0.303 0.747 1.348 3.242 0.456 ~

60 -0.100 0.144 0.933 2.233 2.994 3.242 0.500
::r
~

65 -0.100 0.385 0.627 1.601 2.453 3.242 1.443
::;;
()

69 -0.100 0.061 0.219 0.797 1.456 3.242 0.765 ~.

70 -0.100 0.089 0.937 2.229 3.025 3.242 2.035 <=
~72 -0.100 0.077 0.557 1.029 2.884 3.242 0.641 ()

77 -0.100 0.236 0.423 1.089 1.828 3.242 0.863 ;;1
()

78 -0.100 0.138 0.305 0.887 1.546 3.242 0.340 ..,.
79 -0.100 0.064 0.204 0.688 1.251 3.242 0.886
89 -0.100 0.132 0.550 0.745 1.231 3.242 0.952
93 -0.100 0.050 0.458 0.839 2.776 3.242 1.367
94 -0.100 0.060 0.365 0.680 2.489 3.242 0.514
95 -0.100 0.031 0.311 0.577 1.990 3.242 0.803
97 -0.100 0.017 0.168 0.331 1.257 3.242 0.800
XI -0.100 0.022 0.904 2.255 3.089 3.242 0.131
EI -0.100 0.063 0.222 0.807 1.409 3.242 0.236
E3 -0.100 0.063 0.212 0.776 1.326 3.242 0.241
GI -0.100 0.077 0.448 0.677 1.106 3.242 0.317
G2 -0.100 0.060 0.130 0.465 0.863 3.242 0.215
G3 -0.100 0.039 0.111 0.450 0.820 3.242 0.201
II -0.100 0.046 0.048 0.194 0.418 3.242 0.300 00

tv

13 -0.100 0.023 0.133 0.257 1.164 3.242 0.273 'D
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Table 6. BSCOEF (NCOEF = 9)

BSCOEF(I) BSCOEF(2) BSCOEF(3) BSCOEF(4) BSCOEF(5) BSCOEF(6) BSCOEF(7) BSCOEF(8) BSCOEF(9)

15 -0.0652 0.0190 -0.0503 -0.1060 -0.1467 -0.1613 -0.1310 -0.0611 0.0248
20 -0.5490 0.0141 -0.0369 -0.0894 -0.1082 -0.0869 -0.0349 0.0134 -0.1865
32 -0.1271 0.0100 -0.0208 -0.0706 -0.0825 -0.0584 -0.0223 0.0095 -0.2004
33 -0.1584 0.0113 -0.0221 -0.0790 -0.0901 -0.0633 -0.0250 0.0099 -0.3187
50 0.0059 -0.0020 -0.0087 -0.0207 -0.0305 -0.0266 -0.0096 -0.0019 0.0060
53 -0.0005 -0.0004 0.0028 -0.0110 -0.0406 -0.0421 -0.0249 -0.0076 0.0086 0
73 0.0243 -0.0091 0.0204 0.0150 -0.0099 -0.0145 -0.0090 -0.0032 0.0050

tl74 0.7078 -0.0194 0.0311 0.0236 -0.0116 -0.0205 -0.0146 -0.0052 0.0053 ::r
75 0.0788 -0.0261 0.0403 0.0364 -0.0191 -0.0312 -0.0216 -0.0072 0.0060 0

::l

76 0.2329 -0.0461 0.0596 0.0474 -0.0318 -0.0530 -0.0367 -0.0168 0.0068 g-
80 0.0056 -0.0023 0.0048 0.0018 -0.0018 0.0013 0.0050 -0.0023 0.0059
85 0.4915 -0.0351 0.0492 0.0456 0.0017 -0.0144 -0.0124 -0.0056 0.0039
90 0.0045 -0.0019 0.0044 0.0034 0.0011 0.0032 0.0046 -0.0019 0.0049
91 0.0078 -0.0029 0.0076 0.0064 0.0016 0.0011 0.0021 -0.0014 0.0033
92 0.0136 -0.0048 0.0096 0.0115 0.0072 -0.0009 0.0005 -0.0013 0.0030
96 0.4611 -0.0588 0.0650 0.0696 0.0162 -0.0052 -0.0073 -0.0050 0.0022
98 0.6474 -0.4035 0.2297 0.2467 0.0253 -0.0503 -0.0484 -0.0228 0.0035
99 -1.3121 -1.5915 0.6092 0.4766 -0.2936 -0.5042 -0.3468 -0.1393 0.0187



Table 7. XKNOT and error values (NCOEF = 9)

XKNOT(4) XKNOT(5) XKNOT(6) XKNOT(7) XKNOT(8) XKNOT(9) XKNOT(10) Error(%)

15 -0.100 0.061 0.589 0.871 1.411 2.174 3.242 1.172 0
20 -0.100 0.019 0.666 1.610 2.514 3.112 3.242 0.153

(ii

"32 -0.100 0.031 0.525 1.716 2.580 3.120 3.242 0.221 "2'
33 -0.100 0.031 0.513 1.675 2.538 3.124 3.242 0.186 "(')

50 -0.100 0.234 0.766 1.275 2.269 2.917 3.242 0.408 0
53 -0.100 0.184 0.426 0.807 0.038 2.724 3.242 1.090 ~
73 -0.100 0.067 0.461 0.843 2.102 2.830 3.242 0.594 0'
74 -0.100 0.019 0.406 0.737 1.831 2.712 3.242 0.592 ....

0:
75 -0.100 0.045 0.310 0.576 1.683 2.639 3.242 1.054 =-
76 -0.100 0.030 0.270 0.501 1.357 2.271 3.242 0.461

0:
::;;

80 -0.100 0.128 0.769 1.503 2.338 3.018 3.242 2094 8·
85 -0.100 0.026 0.331 0.624 1.578 2589 3.242 0.445

(')

"90 -0.100 0.125 0.764 1.512 2.350 3.024 3.242 2.573 ~
91 -0.100 0.095 0.663 1.247 2.220 2.984 3.242 0.859 q
92 -0.100 0.080 0.471 0.761 1.331 2.957 3.242 0.435 0:

(')

96 -0.100 0.030 0.255 0.487 1.368 2.393 3.242 0.740 "'"
98 -0.100 0.030 0.123 0.249 0.743 1.360 3.242 0.308
99 -0.100 0.052 0.052 0.134 0.455 0.927 3.242 0.636

00
w



oc
w
N

Table 8. BSCOEF (NCOEF = 12)

BSCOEF(l) BSCOEF(2) BSCOEF(3) BSCOEF(4) BSCOEF(5) BSCOEF(6) BSCOEF(7) BSCOEF(8) BSCOEF(9) ESCOEI-(IO) BSCOEF( II) BSCOEF(12)
.."-,..~---

71 0.0682 -0.0107 0.0007 0.0005 0.0077 0.0013 -0.0078 -0.0070 -0.0020 -0.0018 -- 00006 0.0062

Cl

t:I
::r
0
p
go

Table 9. XKNOT and error values (NCOEF = 12)

XKNOT(4) XKNOT(5) XKNOT(6) XKNOT(7) XKNOT(8) XKNOT(9) XKNOT(lO) XKNOT(ll) XKNOT(l2) XKNOT(13) Error (%)

71 -0.100 0.049 0.067 0.075 0.703 1.290 2.243 2.901 3.032 3.242 1.384
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Fig. 26. K(¢), along Po = 0.7 (L] (point force positions 70 ---+ 75).

-.~000.000 20.00 40.00 60.00 80.00100:0 120.0 140.0

\1>(')

Fig. 27. K (¢), along Po = 0.7 (L] (point force positions 76 ---+ G3).

160.0 180.0

Figures 26 and 27 show the K(¢)I distribution for point loads on a circle with radius
0.7 [L]. Each of the curves exhibits the behaviour discussed in Section 3: K(¢)I grows
towards the free surface (¢ = 0, n), reaching a maximum before falling off rapidly at the
free surface. As the point force approaches the free surface at ¢ = 0 (position 70 -> G3), so
does the K(¢)I maximum nearest to ¢ = 0, while growing continuously, except perhaps
for point forces immediately at the free surface (transition G I -> G3).

Figure 28 illustrates the K (¢)I behaviour along the line ¢o = n/4. Each curve separately
agrees with previous findings. For a point force approaching the crack front (position 15 ->

95), Fig. 28 illustrates that K (¢) I near the free boundary continuously decreases, while
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tt>(')

Fig. 28. K(<!», along <!> = 7[/4.

K (nI2) I at first increases and then decreases again, illustrating the influence of the distance
between the load application point and the boundary point at which K (¢) 1 is calculated.

6. CONCLUSIONS

The Green function was calculated for a series of representative point load positions
on the faces of a half circular crack in half infinite space. It was shown that the stress
intensity factor increases towards the free surface, but drops quite sharply at the free
surface. A general theoretical investigation of the zero and first iterations leads to a zero
K-value at an infinitesimal distance away from the free surface.
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APPENDIX A: GREEN FUNCTIONS FOR A PENNY-SHAPED CRACK UNDER NORMAL LOADING
FOR A LINEAR ELASTIC ISOTROPIC MATERIAL

Consider a penny-shaped crack opened by two equal concentrated forces P applied in opposite directions at
the point Qo (Po, tPo, O±). Po < a (Fig. AI). The Green functions for a transversely isotropic body in a point
Q (p, tP. z). z ;;, 0 are (Fabrikant, 1988) (the solutions for z < 0 follow from symmetry considerations) :

where

y

2 [)" )', ]u=-HP --I/,(z')+--I/,(z,)
J[ m 1 - m2-

2P {[)" I ] [1'2a, = - - 1,(=,)-
n'()', -1'2) (m, + I»)'i)" (m, + I»)'i

P .
T, = [/5(z')-/5(z,)],

n'()', -)',)

z

Q

(AI)

(A2)

(A3)

(A4)

(A5)

(A6)

Fig. AI. A penny-shaped crack in infinite space.

x
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I [(a 2
_ P6 )1/2 ( s ) Z (h)]fl(Z) =- tan- l --tan- l -

iJ s (I~-a')I!' Ro Ro

, {z 1 ( h ) h [p 2

- Ii z' ]}/,(z) = --tan- - + ----
, Rb Ro z(R6+ h') I~-/f R6

(A7)

(A8)

(A9)

. (a
2 -P6)I!' (poei~" 2) -I( S,) z(3R 6- z') -I (h)

.I4(Z) = __ -- - ~ tan + tan-
qs S' q /l-a')l' iJ'RA Ro

{
pei~ - poei~!, _ (h) h [ pei~ pei~ - poei~"]}

f5(z) = - tan 1 - +--- --+----
Rb Ro R6+ h' I~-/f R6

and

z, = zll', (k = 1,2,3)

I, =HJ(p+a)'+z'+y'(p-a)2+ z2}

The material parameters /" )'" l'J, m" m, and H are defined by
,.,--~;:-;­

iJ=pe-!~-poe-i~o. s=Ja2-ppoe il~ ~"I

(All)

(AI2)

(A 13)

(AI4)

(AI5)

(AI6)

(AI7)

A 44 +m,(AI] +A 44 )

All m,A44 +A I) + A44
)'} (k=I,21\)'I'Y'~O), i'3=JA44 /A 66 (AI8)

H = (71 +)',)A 11

2n(A II A,,-A;3)
(AI9)

where A II. A 1]. A", A44 and A66 are the five elastic constants characterizing the transversely isotropic linear
elastic material by the following stress-strain relationships:

CU, au" cw
0', = A 1];:'-- + A I] --;;-,' + A,,;;-

uX oy uZ

(A20)

(A21)

(A22)

(
CU, cu,,)

T,,, = A 66 ;:'--, +~ ,uy ex (
au aw)

T" = A44 0;' + oy . (A23)

The stresses and displacements in Cartesian coordinates can be obtained from:
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T= = T::-x+lT r ::-

For a linear elastic isotropic material the material constants reduce to:

where). is Lame's constant and /1 is the shear modulus. Application of eqn (A 18) yields:

nl, =nl, = I

and

1837

(A24)

(A25)

(A26)

(A27)

(A28)

(A29)

(A30)

(A31)

(A32)

I-v

2/17r '
(A33)

v is Poisson's coefficient. Substituting these constants into eqns (AI)-(A6) leads to indeterminate expressions.
This problem can be solved by considering a slightly anisotropic material and taking the limit. Indeed, the general
solution of the first equality in eqn (A 18) yields:

(A34)

where

b = - 1 for an isotropic material. Let

(A35)

All =;,+2/1+~Dll

where 8 ~ 1. Then

b·~ -1-f.N, ,;---+0,

where

(A36)

(A37)

(A38)

(A39)

(MO)

(MI)

Substitution of eqn (A41) into eqn (A34) yields:

SAS 32: l3-e
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m
"

, ~ 1±J2eN+eN+O(80), 8 ---> O. (A43)

Using eqn (A43), y, and y, take the values:

12 ~ l-r~, 8--->0,

where

(I.+/-l) 1r=---=--
2(). +2J1) 4(1- v) .

Analogously, 13 can be written as:

8M
13 ~ 1+ 2 , 8--->0,

where

By means of eqns (A43)-(A48), 17, in eqn (A3) can be shown to satisfy:

where

6f-1
~r~ = 2(1 +2v).

In the same way one arrives at :

P
17, ~ --((l-2v)j~(z)+zf~(z)}, 8--->0

n'

4r
u~~HP{(2v-l)f,(z)~zf',(z)}, £--->0

n

(A44)

(A4S)

(A46)

(A47)

(A48)

(A49)

(ASO)

(ASI)

(AS2)

(AS3)

(AS4)

(ASS)

Equations (A49)-(ASS) reveal the need for analytical expressions for f', (z) up to f; (z). The calculation is rather
long and tedious. They take the form:

I { / a' - p' - I ZSI'}f', (z) = -= v _ 0 ,

q s [Il-a'+s'] LJIl-a'

1 {Ro - z' /Ro _ 1 ( h ) z' h [IT Ro
--q R6 tan Ro -Ro(R6+ h') L(a'-tTl

Z (h) zh [I'Rr;(z) = - -tan- l ~ + ' 0

R6 Ro Ro(R6+h') L(a'-If)

~oJ} (AS6)

(AS7)
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(R' 3z') ( h )f' (z) = - 0 - tan- \ -
• 3 R6 Ro

. [p.' -Ir _z' J{Z'IUl (Rf, +h')

I~-Ii Rf, L(a'-iD

2h [ -I (R,_,2)J+ [p'(I; +I~) -2IUll- _0-"- .

(Rf,+h 2
) L(I~~iD2 Rri

/a' -p' (P e"P" 2) I I'zl~(z) = _ v 0 _0__ -= '
q s' q [ll-a'+s'] Ljl~-a'

z'(3R~-z')h I [lrRo IJ 3(R~-z')' _I(h)+ -+ ~-

q'R6 (R~+h') L(a'-if) Ro q'R6 Ro

Po ei¢"ja' - P~ zli[n - 2a' +PPo e-il¢-¢"Jj+ v _...:..:-=--__-'---'--__--'-_

qs' LVI~-a2 [ll-ppoe- il ¢-¢"lj2

zh { 2zq p'e
2i

¢[2Z(2Ii.-. p'(ll+iD)]}+ - - + _._-"---'-=----"---'---~

(R~+h') qRri L(ll-I;)'(ll-p')'

{
h[(R~+h')-2Z'] Z'lrh[R~-h'j}[ q p'eM J

+ (R~+h2)' + (Rhh')'(a'-iDL qR~ - (I~-iD(I~-p')

(A58)

(A59)

~J
1 [Zl;h (Rf, +h')

(R~+h')' L(a2-iD

h (2Z+ 2h2zIr )J {_p_e'_¢ + ,--p_ei_¢_-.:-p-,,-o_e
i
_¢,,}

L(a'-li) Il-Ii R~

where

L = J(p+a)' +z'· J(p-a)' +z'.

(A60)

(A61)

APPENDIX B: GREEN FUNCTIONS FOR A PENNY-SHAPED CRACK UNDER NORMAL LOADING
IN THE VICINITY OF THE CRACK FRONT

Normal stress (0)1
The geometry of the problem is shown in Fig. BI, and can be described by:

cP =0

p = a + ecos Ii , 0,,:; Ii ,,:; rr, E« a

z = £ sin Ii , e« a

o,,:; cPo ,,:; 2rr, 0,,:; Po ,,:; a.

(Bl)

(B2)

(B3)

(B4)

The point Qo where the force is applied can be described by (Po, cPo) or equivalently by (R, 1jJ). They are related
by:

Qo can be anywhere inside the crack, so

-rrj2":;IjJ,,:;rrj2. 0,,:; R,,:;2acosljJ.

Substitution of the above expressions into eqns (A 13)-(AI5) yields:

(B5)

(B6)
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z

y

x

where

Fig. 81. Geometric parameters used for the determination of the asymptotic expansion of (u,),.

(87)

(88)

(89)

(810)

and hence

Consequently, by Taylor expansion, taking the leading term only, one arrives at:

R~ = R'+ ... , R > B

R ~ = B
2 +... , R < B.

h satisfies:

h
_ (I - cos 8)(2a cos If! - R) r:n r:n
- y BR, B-> 0 = A y BR .

a

Furthermore,

(81 \)

(812)

(813)

(814)
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, , ,( Rf)( R~)Ro+h- = R- I- R I-R + ... , f.-+O,

where

and hence

IRfl = IR~I = f..

The Taylor expansion of (B 15) yields:

R~+h2 = R'+ . .. , R > E, f.-+O

R~+h2=f.2+ ... , R<f., f.-+O.

Another useful relationship is (Gradshteyn and Ryzhik, 1980):

_I ( h ) hlRo h
tan Ro = JI+(hIR

o
)2 + ... = Jh'+R~ + ...

Substituting eqns (BI4), (BI8) and (BI9) leads to:

_I(h) fitan R
o

= A 0 + ... , R < E, f. -+ O.

ij takes the form

(
f.COS II)ij = Re'~ +Ecosll = Re'~ 1+--.- ,
Re'~

which by expansion leads to

ij=Re''''+ ... , R>Elcoslll

ij=Ecosll+ ... , R<Elcoslll.

s' satisfies

. . [ ECOSIIJs' = (a+Ecosll) Re-'~-aEcosll-aRe-'~ 1- --. ,
Re-'~

Hence, taking the leading term only, one arrives at:

s'=-af.cosll+ ... , R<Elcoslll,f.-+O.

Furthermore,

s2+ll_a2=aRe-''''[I+_E_. +O(E')J, f.-+O
Re-'~

and consequently

f. -+ O.
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(815)

(816)

(BI7)

(BI8)

(BI9)

(B20)

(821)

(822)

(B23)

(B24)

(825)

(B26)

(B27)

(B28)

(B29)
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Table BI. Asymptotic expansions as a function of R for 8 --> 0

o Interval I 61cos81 Interval II Interval III 2acosl/J

I, = a+6(cosl.l-I)/2+ .. I, = a+6(cos8+ 1)/2+ ...

R6 = 6
2 + ..

R6+h' = 6
2 +

tan-' (h/Ro) = Afi/j;.+.

ij = 6COSI.I+ ...

s = iJa6cos8+ ...

R6 = R2 +

R6+ h2 = R 2 + ..

tan-I (h/Ro) = Aj;./fi+ ..

ij=Rei~+ ...

-- ~R-i~+s - vane' ...

_I ( S )tan --- = 0(1)+ ...
JI~-a'

(
s ) IRe-i~

tan-I J/~-a' = y j;. + ...
_I ( S )tan -;:::::::=::; = 0(1) + ...

vi I~ _a'

(B30)

(B31)

The latter expressions can be used in (Gradshteyn and Ryzhik, 1980):

tan-I ( . s )=~(I+~+ ... ),
.j I~ _a'

where

Equations (B27), (B28), (B30), (B31) and (B33) yield:

~ = I + ... , R > 6, 6 --> 0

/Re-i~
~ = _v__ +.. 61cos 1.11 < R < 6,6 --> 0

j;.
~ = iJcos 1.1 + ... , R < 6 Icos 81 , 6 --> 0

and hence

tan - I (__S_) = 0(1) + ... , R > 6, 6 --> 0

JI~-a2

tan-I (JI/-a,) = JRe6-i~ + ... , 61cosl.ll < R < 6, 6-->0

tan-I (__S_) = 0(1) + ... , R< 61cos 1.11, 6 --> O.

J/~-a'

(B32)

(B33)

(B34)

(B35)

The expansions made so far are collected in Table BI. Three intervals are to be considered:

Interval I : R < 61cos 1.11
Interval II: 61cos 81 < R < 6
Interval III: 6 < R.

Since, in order to find an expression for (T" (T, and (T, are to be determined [ef. eqns (A24) and (A25)], attention
will be focused onjJ(z) andj4(z),

Interval I. Substituting the above expansions into eqns (A9) and (AlO) and (A58) and (A59) and taking the
leading terms only yields:
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fJ4(Z)=0(P)+ ... , e~O
e'0

f\4(Z)=0(JR)+ ... , e~O
e30

and hence

<J,(z) = 0 (~_) + ... , e~O.
e~..,; e

Interval II.f; andf', take the same form as in Interval I. However,

14(Z)=0( I I / )+o(~)+ ... , e~O
..,;eRyR eve

1~(Z)=O( _I )+o(P)+ ... , e~O
eJeRp eJJ~

and hence

<J,(z) = o( ! I ! )+o(~)+ ... , e~O.
veRv R e"0

1843

(836)

(837)

(838)

(839)

(840)

(B41)

Interval III. Since Interval III is of great practical interest, the leading terms of the expansions will be given
explicitly:

[,(z)
I ~a' - P6 .j I - cos (J (I + cos 0) r;,
~ . 0 + O(v ej, e~ 0

Je 2R2fi SIn

(B42)

I.(z) =

I .ja' -p' (30) (I)
I:,(z) = - ---r:- ,~ sin '2 +0 ~ ,

eve 2R~J2a ve

I~(z) = .;;;'=Pf, sin (~)+O (~)
[. 'f' 2R 2 r2 2 r;, ,
~'\t' , V a v (.,

(B43)

(B44)

(845)

and finally [cf. eqns (A49) and (AS I)]

p~ 1/,:: cos (~) {I +2v-sin (~)sin (¥)}
n' R2 J2a v"

and

(846)

(B47)
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Fig. B2. Geometric parameters used for the determination of the asymptotic expansion of (w),.

This expression is valid for the whole range - rr ~ Ii ~ rr because of symmetry conditions. In order to find (0',,),
due to an arbitrary distributed load the above formulae have to be integrated over the appropriate ranges. For a
constant distributed load p it can be shown that the integration over Interval III is dominant, leading to:

f
"2 f2"W'~ (0') P I 0fn!2 f2"W'~J2acosljJ-R

O',(p) = p-'-' RdRdljJ~2v------::cos- dRdljJ, 6--->0
-n/2 ,P rr2J~ JE 2 -n!2 , R

p~ I Ii
~ 2v---cos- 6--->0. (B49)

rr Jo 2'

This agrees with the findings of other authors [e.g. Fabrikant (1988)].

Displacement (w),
For the displacement function w, the attention is focused on a point Q belonging to the crack surface (Fig.

B2) and described by either (p, 1/>, z) or (E, X' z) satisfying:

z = o.

For Qo, eqn (B4) still applies. Since [cf. eqn (ASS)]

2HP
w(z = 0) = -j;(z),

rr

only hand Ro have to be examined. They take the form (cf. Appendix A):

R~ = e'+R'-26Rcos(X-ljJ) = (R-R~)(R-R~),

where

(B50)

(B51)

(B52)

(B53)
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Hence

A Taylor expansion of eqn (B53) yields

Ro = e+ ... , R < e

Ro = R + ... , R > e.

Furthermore,

and

I
h = -je(2acosx-e) j R(2acosif;-R)=B~.

a

Using eqn (B20), in which W+ R~) now takes the form

where

one obtains for the leading behaviour off; [cf. eqns (A8) and (B20)]:

. BjR
f2 =--+.... R<E

evle

Bvief; = -- + ... , R > e.
RjR

Hence

(IV),=IV(Z=O) =0('0)+... , R<E;
EVE;

2HP vie j2acosxja2_p~
(IV), =IV(Z=O)=--- + ... , R>E.

n R2 a
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(B54)

(B55)

(B56)

(B57)

(B58)

(B59)

(B60)

(B61)

(B62)

(B63)

(B64)

(B65)

Stress intensity factor
The stress intensity factor for a point load within a circular crack in infinite space was, for example, given by

Gao and Rice (1987) and Fabrikant (1988). Here the formula given by Gao and Rice will be taken, since it
corresponds to the usual definition of the stress intensity factor (Hahn, 1976; Tada, 1973). The formula given by
Fabrikant is smaller by a factor of (2n) 1;2
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I

Po

cP if;

x

Fig. B3. Geometric parameters used for the determination of K (¢).

The stress intensity factor in a point on the crack front characterized by the angle ¢, due to a point load at
(Po, ¢o) (Fig. B3) can be expressed as:

where

Since

eqn (B67) can be rewritten as:

p ~
K(¢) = __ v -Po

n~ r'

Po ei¢() = a-Re-il/l,

r2 = R' +2aR [cos (¢ + 1jI) -cos 1jI] +2a2 (1-cos ¢).

(B66)

(B67)

(B68)

(B69)

Since r = 0 can occur for Q = Qo only, the right hand side of eqn (B69) either has two complex conjugate roots,
or one double root. Hence:

(B70)

where

(B71)

The Taylor expansion of (B70) yields
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" = 2a'(l-cos ¢) +... , R < a y'2(l-cos ¢)

" =R'+ .... R>aJ2(l-cos¢).

p ,~,--,

K(¢)=-- ..ja·-po +.... R<aJ2(1-cos¢)
n~ 2a'(l-cos ¢)

K( A.) __ P Ja'-p~ +.. /~--
'Y ., R>a .... 2(I-cos¢).

ny'na R'
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(B72)

(B73)

(B74)

(B75)

APPENDIX C: GREEN FUNCTIONS FOR A HALF INFINITE SPACE UNDER NORMAL LOADING
ON THE FREE BOUNDARY

This well-known problem has been treated earlier, e.g. in cylindrical coordinates (Timoshenko and Goodier,
1970). Here it will be shown that the solution can be derived as a special case of the formulae in Appendix A by
letting a -> 00. The terminology is the same as in Fig. AI, in particular z ~ O. For a -> (fj, eqns (AI3)-(AI7) take
the form:

P"' ( I )I, =p-~+O -, a->oo
2a' a'

,2 ( I)
I, =a+;a +0 -;;; . a->:x;

I (p'+p~) (I)h=a-----+O - , a->w
2 a a'

s=a-PPOei(¢,,-¢}+O(~), a->w.
2a a'

The functions!,'/.'/; and!~ yield:

nz
!,(z)---, a->oo

2R6

r n nz(3R~-z2)
J.(z)---+- , a->w

q' 2 qR~

f;(z) __ i!. (R~ -3z'). a -> 00

2 Rg

Hence:

(CI)

(C2)

(C3)

(C4)

(C5)

(C6)

(C7)

(C8)

(C9)

(CIO)

(CII)
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0", ~ - ZP , [2(l+I')- 3z:J, a-+ XJ

2ITR() R"
(CI2)

Z(3Ri,-. Z2)J 3Z(Ri,- Z2)2}
------ - ~ a----?oo.

2R ,; 2R~
(CI3)

These formulae are in agreement with the literature (Timoshenko and Goodier, 1970).

APPENDIX D: STRESSES IN A HALF SPACE IN THE VICINITY OF A CRACK STRESS SINGULARITY
LOADING ON THE FREE SURFACE

The stress singularity loading has the form [cf. eqn (B48)]:

0" =(ri) =-~.. --cos(rI2),( (I ,-- 2
v· p)

where

R',j2a

(01)

(D2)

The two variables c and () in eqn (B48) have been replaced by P, and q" (Fig. Dl). The point force corresponding
to an infinitesimal surface element in Q" is

dP = 0", p, dp, dq". (03)

The stress singularity is positioned in the origin. An arbitrary point inside the half space is characterized by (p, q"
z). A point in the vicinity of the singularity in a plane perpendicular to the free surface and containing the x-axis
can be described by the three parameters e, 0, and q, = 0, IT. The following relationships exist:

(D4)

and [eqns (C4) and (C6)] :

z

y

Q

z

x

Fig. Dl. Geometric parameters used for the determination of the asymptotic expansion of (<Tol2'
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Ri, = f.' +P; -2p ,f.COSO, eOSlp, ""'R;.

Substituting these relationships into eqns (CI2) and (CI3) yields:

J- (<PI)K P, cos -
£ sin 0, 2 { 38' sin' 0, 'f

d<T, = - -- 2 dpi d<pI 2(l +1')-
Ri n R; .
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(05)

(06)

(07)

C (<PI)Ky PI cos 2" . . " ., .,
{

1 ' ,., 3EsmO,(R,-f, sm OiJ}
dO",=- dPld<p,' (1-21')[-2R,+/;sinOI(3Ri-csm-()I)]+ .

2ni./Ri R;
(08)

<T, and <T2 are obtained by integration:

(09)

where 0 < 1J :;;; R. R is defined in Fig. BI and is the limit of the domain of validity of eqn (B48). Equations (07)­
(09) yield (p, = x£):

KsinO, in (<PI)r"'{ 3sin'()11J:;:0", = - --r'- cos)" I. 2(1 + v) -. ----;" (-;-dxdI/JI
n,,/ f, () -,j0 _ 'Y. ) Y..

(DIO)

where

K fn (<PI)i'" { sin (7-21') sin'<T, =-- coso') (1-21')-3(1--1'), +"1f.0 -;< - lJ 'Y..

IX = J 1+ x2- 2x cos Ii, cos <P I

3 sin' () 1 I:;:
,Y":'-dxd<pl. (011)

2 'l.' J IF

(012)

(013)

Since the imaginary part of the integrand of 0"2 is antisymmetric in <PI' 0", is real. In eqns (010) and (011), '1/;; can
be replaced by OCJ. Indeed, since

the error made amounts to

2KsinO,(l+v) rn
(<P')J" dxd<p,

l!.0", ~ - 'J cos 2" . --._- = 0(£).
nyl c: 0 'Ii'-: x: v/x

and

K(l-2V)f' (<PI)' r'dXdqJIl!.O", ~ I cos 2 e-'"', ----= O(l). I; -> O.
n../ C -It ",JI,'..\

(014)

(015)

(016)

(017)

which is subdominant with respect to the c 12 behaviour emerging from the 0 to ex integration for 0", and 0",.
Since the crack surface (dashed line in Fig. 0 I) is of main interest, the following discussion will he limited to

n/2 :;;; 0, :;;; n. In order to evaluate <T, and <T, numerically it is important to know whether the integrands have any
singularities. To this end the zeros of IX and /i are examined.

Defining new coordinates (6, 1jJ) by
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or

the following relations can be established:

G. Dhondt

xcos c/>, = cos II, +b cos IjJ

xsin C/>, = b sin 1jJ,

(DI8)

(DI9)

(020)

and

x = Jcos' II, +2bcosll,cosljJ+b' (021)

. /;cos12 =v· 2
x+xcosc/>,

2
(D22)

Substitution of eqns (DI9) and (D21) into eqn (D22) yields:

r- C/>, blsinljJl [I bcosljJ 0«2)Jvx cos - = - --- + u ,
22Jlcosll,I 2cosll,

Furthermore,

0(2 = sin' II, +b'

and hence

b-.O,II, "#n/2. (D23)

(024)

{
nb' I }cl'=sin"lI, 1+ 2 -.-,-+0(b4

) , b-.O, II, "#O,n.
sm'lI,

(025)

From eqn (D24) it is clear that 0( = 0 only for II, = nand b = 0 (II, = 0 was excluded). This case will be treated
separately.

For II, "# 0, n the integrand of 0", does not contain any poles and the integral converges. A typical term of the
integrand of 0"2 is:

cos (c/>,/2)fi
g,,(x,c/>,) ~ .

0("{3'

Substitution of eqns (D 18), (D23) and (D25) yields:

Isin IjJ I e2i~ [ b cos IjJ , J
g,,(x, c/>,) = 1- --11- +O(b) , b -. O.

2bJ Icosll,I sin" II, 2cos,

Defining

Isin IjJI e'i~ [ b cos IjJ J
h(n)~ 1--- ,

2bJlcosll,1 sin" II, 2cosll,

it is easy to check that

(026)

(027)

(D28)

2(J -2v)' h (0) -6(l-v) sin II, . h (I) + (7 -2v) sin' II, . h (3) -3 sin' II, . h (5) = 0, (D29)

which means that the integrand of 0", in eqn (DlI), which will be denoted by [(0",), satisfies

(030)

Changing the integration variables from (x, c/>,) to (b, 1jJ) yields:



where

Hence

Green functions for a half circular crack

1'((J,)=0(6), 3--->0,
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(031)

(032)

(033)

which is clearly integrable.
Two special cases are considered. If Ii, = n/2, eqn (023) is no longer valid. Deriving all expressions anew,

one gets:

If Ii, = n, then

and

Hence

x=3

rP, =1/1

n6'
0:" = I+T+OW), 6--->0

I'((J,) = 1«(J,) = 0 (fi), 6 ---> O.

cos (rP, j2)fi 3 Isin 1/11 e';'" Isin 1/11 ,;".
1«(J,)~ ~----~--e 0/ 0--->0.

- P' 2 0' 23 '

(034)

(035)

(036)

(037)

(038)

(039)

(040)

(041)

(042)

which is clearly integrable. This concludes the proof that the integrands of (J, and (J, do not have any poles.
Consequently the integrals in eqns (010) and (011) are regular for n/2 <;; Ii, <;; n. The stresses (J, and (J" can be
evaluated using eqns (A24) and (A25). (J, takes the form:

Kf(Ii,)
«(JJ, = (J, = --,- .

..../l:

where

(043)

Ii If'rP'fC£{2(I+v)sinli,I( ,) = -- cos-
2 0 2 0 n

If' rP'fX{ 3(l-v)sinli, (7-2v)sdli,-- cos- (1-2v)- +c-_-'---_-'---
2n ._, 2 0 0: 20:'

3Sin
51i,}fi d"dx '1-',.

20: 5 p'
(044)
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0.00

-0.04

-0.08

8.., -0.12;;::

-0.16

-0.20

-0.24

-0.28

- O. 32+-----,------r---,-------,---,----,------,------r----j
9.00 10.00 tt.OO 12.00 13.00 14.00 15.00 16.00 17.00 18.00 *E 1

9, (")

Fig. D2. Function{(8,).

f(8,) is shown for v = 0.3 in Fig. D2 and corresponds very well with the polynomial expression given by Hartranft
and Sih (1973). Note thatf(8,) is a linear function of v.

APPENDIX E: STRESSES, DISPLACEMENTS AND STRESS INTENSITY FACTOR IN INFINITE SPACE
DUE TO A CRACK LOADING BY THE LEADING BEHAVIOUR OF (O'ol,

Normal stress (O',h
The problem is sketched in Fig. El. The load on an infinitesimal surface element R dR dJ/J can be expressed

as [eqn. (D43)] :

dP = (O'J,RdRdJ/J
Kf(n-J/J) RdRdl/t

ft.
(EI)

In Appendix B it is shown that the effect of dP depends on the relative size of R with respect to £. For the stress
(O',h one can write [cf. eqns (B38), (B41) and (B48): Fig. E2] :

(O',h = If [0 (~)+ ... ]A;f(n-J/J)jRdRdl/t
la+lb E V f.

fi
2V~1 8+ , - 0 cos"2A;{(n-l/t)jRdRdJ/J. (E2)

1I1n- R'~~

Looking at the different zones in detail:
ZoneIa

r'" r,leO,OI [ ( !R) ] ( I )
2Jo Jo 0 £:~ +... K{(n-l/t)jRdRdJ/J = 0 ~ +... (E3)
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z

(crJ2
J
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Po

p

x

Fig. EI. Geometric parameters used for the determination of the asymptotic expansion of (cr, ),.

Zonelb

Furthermore,

I/J,
t Icos III

20
1->0 (E5)

Hence, eqn (E4) amounts to :

IT

cos I/J ~ 2: ~ I/J. f; -> O. (E6)

Zone IIa

(E7)

2 (.p, r [o( 1 )+O(JR)\ +... ]Kf(IT-I/J)vlRdRdI/J
Jo Jf: Icos01 v/~ Rv/R [-;2 ",//~

= 2r [0 (~»)+() U;J+·
SAS 32: 13-0

dVI=O(_l=)+ .... [->0. (E8)
vf,
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Zone lIb

G. Dhondt

y

Fig. E2. The different integration domains for the determination of (rr.),.

x

2f'" f,aw,,, [0 ( I )+0(/R)+ ... JKf(1[ -1jJ) .jRdRdljJ
1jJ::. r.lcoslJl ,/~ R,/R f:~ ,,/~

2a cos tfl,

r
'" II/,In 71~~\JI (4a2

COs 21jJ - S2 cos' 8') ]= 2 0 ----- +0 + ... dljJ, £-->0.
",0/::. \ ,I £2

Furthermore, eqns (E5) and (E6) are still valid and

Hence eqn (E9) amounts to :

Zone III
The integral to be examined is :

(E9)

(EIO)

(Ell)
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o
cos-

4vK 2 in!, f'. '"0''' J2acost/J-R
~~ f(n-t/J) R dRdt/J.
n'J2a ~£ 0 ,

Since

f
,uco,,, J2acost/J-R
, R dR

, '~--.I'I {4acoS t/J-£ +2J2acos t/J(2acos t/J -f)}
= -2v12acos t/J - £+vl2acos 'I' n £
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(EI2)

eqn (EI2) can be written as:

£ ..... 0, (EI4)

where

- f'f(n-t/J)JcoSt/Jdt/J = 0.1788+0.38561' ~ F(v).

Collecting all terms it is clear that zone III is dominant. Hence the important result:

4vK Oln£ (I)(fJ) =-cos--F(v)+O - £ ..... 0
, 3 2 7 r , ' .

n -y'£ vic

(EI5)

(EI6)

Displacement (wh
A similar analysis to the one in the previous section can be applied to w (z = 0) using eqns (864) and (865).

Now there are only two zones. The result is:

8HK ~- ,
w ~ -n-JcosX~dn£F(I'), f. ..... O.

The meaning of X and £ is illustrated in Fig. 82.

(EI7)

The stress in tensity factor
Equations (874) and (875) give the stress intensity factor due to a point load. They indicate that the

integration over R will have to be split into three contributions (two zones) :

K(q,) , = ,2K, { I r'" f(n-t/J) ra
.j2(l-cOS¢) RJ2acost/J-RdRdt/J

~anJn 2a'(l-cosq,) Jo Jo
I r,·, i'oco,,,

+-----J f(n-t/J) RJ2acost/J-RdRdt/J
2a' ( I - cos q,) ~, 0

i'" i'u",,~ /2acost/J-R }+ f(n-t/J) V dRdt/J ,
o . a,j2(l-cos¢) R

where

t/J, =cos-'JI-~OSq, =~-t·

The inner integral in the first term can be written as

(EI8)

(EI9)
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. --

I
"v 2( I-co,,/') Rv 2u cos l/J -- R dR = v 2uc~~~a' (] - cos (/» +.

• n
(E20)

and consequently the first term is of 0 (I). (I~ ~ O.
The inner integral of the second term amounts to

Since

the second term is asymptotically equal to

The third term inside the parentheses is asymptotically equal to

1J --> O. (E21)

(E22)

(E23)

Hence

-In l-cos~/»)) f" !(IT-I/J)v2I1cOSIIJdVJ ~ v2aF(v)ln1J. (!>-->O.
~ I.J

2,,,,/:2 K
K (4») I ~ --=- F(I') In 4). 1J --> O.

ITv'IT

(E24)

(E25)

Conclusions
In all previous sections the effect of the outer integral was dominanl. If for some reason the loading on the

domain of the inner integrals is reduced in absolute value. this will not influence the dominant behaviour.

APPENDIX F: STRESSES IN A HALF INFIl\ITE SPACE DeE TO A LOADING ON THE FREE
BOUl\DARY BY (<T,),

The normal loading is taken from cqn (EI6):

4vK (Jln::
(<T,.). = ----:-cos1---F(I'). I: --> 0

IT - ,,/"

or. taking the notation of Appendix D (Fig. D I) :

Inp ,I),
<T = L ---=: cos-i"

VP,

where

4\K
L = ---- 1-'(1').

Using the same approach as in Appendix D. <T, takes the I"ollowing form:

(FI)

(F2)

(F3)

(F4)
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where II is a measure of the domain in which eqn (EI) can be considered to be a good approximation. The first
question which arises is whether II/I: in eqn (F4) can be replaced by w without changing the leading behaviour.
The error amounts to

L',O", = I" ~__\.·...In(f:x)_d:.\_,__

• 'i [I +- x' - 2x cos 0, cos (I~' J" '
11=3v5 (F5)

(F6)

X" n f I 1 Ii
~ (3,"~i--~"I')-l,ln (n') -- ---- ,>_ (32-11) \

-' ill

/: -+ 0 . 11 > 3/2 (F7)

~I r: -----? O. n > 3/2. (F8)

For the integrands in eqn (F4) this amounts to 0(1\ ') and OU:' '), which is clearly subdominant compared to the
In £ leading behaviour of the integrals from 0 to x. Consequently, ///1: can be replaced by <XJ. The same argument
applies to 0",. Similar to eqn (D43). one arrives at

In F. (' I )(u), = Lf(OJl-- +- 0 ,---:;. . f: -+ O.
'v .

(F9)

Now the question is addressed what happens if within a layer or thickness '7 = F.' (i.e. 0 ~ PI ~ G'), (0",.), is replaced
by (O",h' h (PI), where 0 ~ h (PI) ~ I.

Looking at the region 0 ~ P, ~ I:"~ a generic integral ill UI looks like:

or

f"" I r" xln (/:,Y) Ii (n)dx I I"
1.0 [I +x· -2\c~~(),-;~~)~r-;- ~ .i

I ,','
f~-,---- I 'vxln(n)d,Y~

[I-cos' 0, cos' </'IJ"'.'

~x !lnJ/:x)! Ii (~"() d::.
[I-cos' 0

1
cos' <p,]'"

') In (,,'). E -+ O.

(FlO)

(FII)

For k > I, eqn (FII) is subdominant with respect to the In I: leading behaviour of the integral from 0 to <XJ. This
also means that, the other way around. if the loading is decreased within a layer of thickness "0"" the leading
behaviour of 0"1 will not change for ,: ~ /: <~ I. k > I. The same argument applies to 0",.


